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$K$ , $d_{K}$ K root-discriminant
, $rd_{K}$ :
$rd_{K}=|d_{K}|^{1/[:}K\mathrm{Q}]$ .
, root-discriminant ( )
. ,
$\mathrm{o}$ 1 2 $\mathrm{Q}(\sqrt{d}),$ $-d=3,4,7,8,11,19,43,67,163$ ;
$\mathrm{o}$ 1 $\mathrm{Q}(\zeta_{m}),$ $m=3,4,$ $\ldots,$ $84$ ;
$\mathrm{o}$ $<67$ Abel
. , root-discriminant
, ( – ) root-discriminant
. , root-discriminant
(\S 2 ).
2 $K$ $K_{ur}$ Galois $\mathrm{G}\mathrm{a}1(K_{ur}/K)$
. – , $K=\mathrm{Q}(\sqrt{d})(d$




971 1996 12-23 12
(J. $\mathrm{M}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{t}[4]$). $|d|\leqq 250$ , 7 , $K_{ur}=K_{1}(K$
Hilebert ) . 7 , $K_{ur}=K_{2}(K_{1}$ Hilebert








. |d|\leqq 420(-- Riemann $(GRH)$ $\leqq 659$) 1
, $K_{ur}=K,$ $K_{1},$ $K_{2}$ , $I\{_{3}$ , $\mathrm{G}\mathrm{a}1(K_{ur}/K)$
($K_{ur}\neq K_{1}$ ).
:
$\mathrm{o}$ class number relation computer
. (software $\langle$ , free KANT PARI-gp
)
.





1. $[K_{ur} : K]$ . , $K$ $K_{u}$,
. $K$ , $n_{K}$
$K$ , $r_{1}(K),$ $r_{2}(K)$ $K$
. 2 .
1. $L/K$
, $L$ $K$ root-discriminant – : $rd_{L}=rd_{K}$ .
, 1
.
1 $\leqq 367$( $\Re$ Riemann (GRH) $\leqq 419$) .
Prof R. Schoof .
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2. $n$ , $r_{1},$ $r_{2}$ $r_{1}+2r_{2}=n$
. $B(n, r_{1,2}r)$ $r_{1}$ : $r_{2}$ $n$ root-
discriminant :
$B(n, r_{1,2}r)= \inf\{rd_{L}|n_{L}\geqq n, r_{i}(L)/n_{L}=r_{i}/n\}$ .
(i) $rd_{K}<B(Nn_{K}, Nr_{1}(K),$ $Nr_{2}(\overline{K}))$ , $[K_{ur} : K]<N$ ,
$K$ $N$ . , $rd_{K}<B(2n_{K}, 2r_{1}(K),$ $2r_{2}(K))$
, $K_{ur}=K$ , , $K$ ( ) ,
$K$ 1 .
(ii) $K$ 1 , $rd_{K}<B(60nK, 60_{r}1(K),$ $60r2(K))$ , $K$
.
. (ii) 60 60
. 60 $A_{5}$ . $K$
1 , $K$ $A_{\mathit{5}}$- , (ii) Kur=I{
$rd_{K}<B(168n_{K}, 168r_{1}(K),$ $168r_{2}(K))$
. $B(8,8, \mathrm{o})$ $B(8, \mathrm{o}, 4)$ , $B(n, r_{1,2}r)$ $n\leqq 7$
. $B(n, r_{1,2}r)$ ,
Odlyzko, Serre, Poitou . ( ,
$\mathrm{M}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{t}[4]$ ) , , $\mathrm{G}\mathrm{R}\mathrm{H}$
.
Odlyzko $B(120, \mathrm{o}, 60)$ , \S 1
:
1. 1 2 $K$ .
. , $rd_{K\leqq}\sqrt{163}=12.76\cdots \text{ }$ , Odlyzko $B(120, \mathrm{o}, 60)$
$\geqq 17.02$ , $2(\mathrm{i}\mathrm{i})$ , $K_{u},$ $=K$ .
. , root-discriminant , 1
1 Abel
($\cdot[8$ , Appendix]).
2. Class number relations. – ,
.
( $\mathrm{K}\mathrm{u}\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{a}[3]- \mathrm{B}_{\Gamma \mathrm{a}}\mathrm{u}\mathrm{e}\mathrm{r}1^{1])}\cdot L/K$ $G$ Galois








. , Walter ,
.
$G$ , $(a_{H}=0(\forall H\leq G))$
1 . , 1
, ,




2. $K$ 2 , $P$ . $L/K$ Dp- ,
$M$, M’ 2 $P$ , $N$ 2 ,
$h(L)=. \frac{[E_{L}.E_{M}E_{M’}E_{N}]}{p^{2}}$ . $\frac{h(M)^{2}h(N)}{h(K)^{2}}$
. , , $[E_{L} : E_{M}E_{M}lE_{N}]=1,p$
$p^{2}$ .
Moser $\mathrm{Q}$ $D_{p}$- ([5])
. ,





3Maximal unramified extensions of imag-
inary quadratic number fields of small
conductors
, 2
$K=\mathrm{Q}(\sqrt{d})$ 2 3 .
1. $h(K)=2$ . [9] . ,
.
. $K=\mathrm{Q}(\sqrt{d})$ $d$ 2 2 . ,
genus theory , 2 $d_{1},$ $d_{2}$ , $K$
$K_{1}$ $K$ genus Held $\mathrm{Q}(\sqrt{d_{1}}, \sqrt{d_{2}})$ . $GRH$ .
(i) $-d\neq 115,235,403$ , $K_{u},$ $=K_{1}$ .
(ii) $-d=115,235,403$ , $K_{ur}=K_{2}=KF_{1}$ . ,
$F=\mathrm{Q}(\sqrt{d_{1}}).’ d_{1}.<0$ . , $F_{1}$ explicit (
).
$K=\mathrm{Q}(\sqrt{-427})$ .
. GRH , $K=\mathrm{Q}(\sqrt{-427})$ , $[K_{ur} : K_{1}]=$
$1,60,120,168$ , 180 . .
3. 2 $\mathrm{Q}(\sqrt{-427})$ A5- .
. , $\mathrm{Q}(\sqrt{-427})$ $A_{\mathit{5}}$- $L$
, root-discriminant , $L$ , , $\mathrm{G}\mathrm{a}1(L/\mathrm{Q})\cong$
$A_{5}\cross C_{2}$ , 5 data
.
. $I\zeta=\mathrm{Q}(\sqrt{-403})$ . (
$K$ Martinet ) $d=-403=(-31)\cdot 13$
, $K_{1}=\mathrm{Q}(\sqrt{-31}, \sqrt{13})$ , $h(K_{1})=3$ . $F_{1}=$
$F(\alpha_{2}),$ $\alpha_{2}^{3}+\alpha_{2}-1=0$ , $K_{2}=K_{1}(\alpha_{2})$ . $\mathrm{G}\mathrm{a}1(K_{2}/K)\cong$
$\mathrm{G}\mathrm{a}1(F_{1}/\mathrm{Q})\cong D_{3}$ , $K_{2}$ , $K_{2}/K$ 3
$K(\alpha_{2})$ , $h(K(\alpha_{2}))=2$ (KANT, PARI-gp
). , $Q$ ,
$h(K_{2})= \frac{Q}{9}\cdot\frac{2^{2}\cdot 3}{2^{2}}=\frac{Q}{3}$ ( $=1$ 3)
16
, $K_{2}$ 3 ( $h(K_{1})=3$ ) , $h(K_{2})=$
$1$ . $rd_{K_{2}}=rd_{K}=\sqrt{403}=20.074\cdots \text{ }$ $B(720,0,360)\geqq 20.551$
, $K_{ur}=K_{2}$ .
. , $\mathrm{Q}(\sqrt{-403})$ , 2 2 $(\mathrm{Q}(\sqrt{-427})$
GRH ) Galois ,
403 $\mathrm{Q}(\zeta_{403})$ $A_{\mathit{5}}$- .
. $L$ $\mathrm{Q}$ 5 $X^{5}+2X^{3}+\bm{5}X^{2}+2X+1$
, $\mathrm{G}\mathrm{a}1(L/\mathrm{Q})\cong A_{5}$ , $L/\mathrm{Q}$ 13, 31
, 2 3 . , $E$ 2
$\mathrm{Q}(\sqrt{13})$ 31 ( 1 )3 , $LE/E$
$A_{\mathit{5}}$- . , $E$ 1
. $E$ Abel A5- .
2. $h(K)=3$ . 3 2 $\mathrm{Q}(\sqrt{d}),$ $-d=23,31,59,83,107,139$,
211, 283, 307, 331, 379, 499, 547, 643, 883, 907 16 . ,
$d=-283,$ $-331,$ $-643$ $h(K_{1})=1$
, GRH , $|d|<643$ $K_{ur}=R_{1}’$ . ,
$d=-283,$ $-331,$ $-643$ , $K_{1}$ Klein 4 $V_{4}$
, $\mathrm{G}\mathrm{a}1(K_{2}/\mathrm{Q})\cong S_{4},$ $\mathrm{G}\mathrm{a}1(K_{2}/K)\cong A_{4}$
. $K_{2}$ 6 , K-
, $h(I\{_{2})=2$ .
, $\mathrm{G}\mathrm{a}1(K_{3}/\mathrm{Q})\underline{\sim}-\tilde{S}_{4},$ $\mathrm{G}\mathrm{a}1(K_{3}/K)\cong\tilde{A}_{4}$ 2.
embedding problem $\tilde{S}_{4}arrow S_{4}$ . $\mathrm{Q}(\sqrt{-283})$
3Hilbert $(1, 3)$ 8 , Galois $\mathrm{Q}^{\text{ }\tilde{s}_{4}}-$
Galois
([2] ). , $K=\mathrm{Q}(\sqrt{-283}),$ $\mathrm{Q}(\sqrt{-331}),$ $\mathrm{Q}(\sqrt{-643})$
$K_{ur}=K_{3}$ ($d=-643$ GRH ).
4Unramified nonsolvable Galois extensions
2 ,
Galois , 5 data
2 $\tilde{A}_{n},\tilde{S}_{n}(n\geqq 4)$ Serre , $\tilde{A}_{n}\dagger\mathrm{h}An\text{ }2$ $C_{2}$ (
) 1 , $\tilde{S}_{n}$ $S_{n}$ $C_{2}$
, $S_{n}$ $\tilde{S}_{n}$ 2 , $S_{n}$ 2
4 , .
17
.4. $\mathrm{Q}(\sqrt{-1507})$ $\mathrm{Q}$ $A_{\mathit{5}}$ - 2
. , $d,$ $|d|<1507$ 2 $\mathrm{Q}(\sqrt{d})$
. , $\mathrm{Q}(\sqrt{-1507})$ 5
$X^{\mathit{5}}-5X^{3}+5X^{2}+24X+4$ ($\mathrm{Q}$ $A_{\mathit{5}}$ - )
, Galois $A_{5}\mathrm{x}C_{2}$ . , $\mathrm{Q}$




, root-discriminant , $<1507$ 2
, $\mathrm{Q}$ A5- ,
) 10 data
. (2 $A_{\mathit{5}}$- $\mathrm{Q}$
, $\mathrm{Q}$ Galois 10 Galois , Galois
$(A_{5}\cross A_{\mathit{5}})\cdot C_{2}$ ) Q($\sqrt$-1507) Galois
2 .
$|d|<2100$ A5- $d=-1507,$ $-1959$ , -2083
3 , $A_{\mathit{5}}$- $\mathrm{Q}$ A5-
. , 2
$A_{\mathit{5}}$- ( [D




$d\in D_{(0,1)}(x)|\mathrm{Q}(\sqrt{d})\neq D_{(}0,1\text{ }$
A5- }
$>0$
. , $d\in D_{(0,1)}(x)$ 1507 , $\mathrm{Q}(\sqrt{d})$
$A_{\mathit{5}}$- . , $\# D_{(0,1}$ ) $(x)$
. 2 , (squarefree )
, $Xarrow\infty$
$\# D_{(0,1})(x)=m\cdot.\mathrm{s}\mathrm{q}\mathrm{u}\mathrm{a}\Gamma \mathrm{e}\mathrm{r}\mathrm{e}\mathrm{e}m\equiv 3(\mathrm{m}_{\mathrm{f}\leq X}\sum_{4\mathrm{o}\mathrm{d})}1+m\cdot.m\mathrm{S}\mathrm{q}\mathrm{u}\mathrm{a}\equiv 1,\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}2(\sum_{x\leq/4}1\mathrm{m}\mathrm{o}\mathrm{d} 4)\sim\frac{3}{\pi^{2}}X$
. , 5 ( 10 )
.
18
, $\mathrm{Q}(\sqrt{-1507})$ 4 , .
$\mathrm{Q}(\sqrt{-11}, \sqrt{(-23+3\sqrt{137})/2})$ 1 . ( $\mathrm{Q}$ $D_{4^{-}}$
, $\mathrm{Q}(\sqrt{-1507})$ 2
(CI(Q($\sqrt$-1507))\cong C4 ) )
1 Galois
. , 1 Abel 172 , GRH
, 155
([8, Appendix] ). 1 CM
. CM , [7] 1
8 3
. 1 8 CM .
CM $\mathrm{Q}$ $D_{4}$- , 1, 2 4 2
4 . , 4( 4
) 2 (30 ) 1 20
. .
Galois $A_{\mathit{5}}$- ,
$n\geqq 5$ , $A_{n}$- 2
. $G$ , $\mathrm{P}\mathrm{S}\mathrm{L}(2,7)$
$G$- 2 .
$\mathrm{P}\mathrm{S}\mathrm{L}(2,7)$- 2
$\mathrm{Q}(\sqrt{-30759})$ . $\mathrm{Q}(\sqrt{-30759})$ $\mathrm{P}\mathrm{S}\mathrm{L}(2,7)$-
$\mathrm{Q}$ $\mathrm{P}\mathrm{S}\mathrm{L}(2,7)$- , 2






$\mathrm{Q}(\sqrt{-13335})$ . $d=-13335=-3\cdot 5\cdot 7\cdot 127$
, rd= $\sqrt$13335=115.47 .
$\langle$ . (
)
3 – 1 .
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Theorem. Let $K=\mathrm{Q}(\sqrt{d})$ be an $im$aginary quadratic number field with class
number two, i.e., $-d=15,20,24,35,40,51,52,88,91,115,123,148,187,232,235$ ,
267, 403, or 427. Then by genus theory $d$ is factored as $d_{1}d_{2}$ , where $d_{1}$ and $d_{2}$ are
fundamental prime discriminants, and the Hilbert class field $K_{1}$ of $K$ is the genus
field $\mathrm{Q}(\sqrt{d_{1}}, \sqrt{d_{2}})$ of K. We assume that the Generalized Riemann Hypothesis is
$t\mathrm{r}ue$. Let $K_{u}$, be the $m\mathrm{a}\mathrm{x}\dot{I}\mathrm{m}al$ unramified extension of $K$ .
(i) Except for-d $=115,235,403$, we have $K_{ur}=K_{1}$ .
(ii) For-d $=115,235$ , and 403, we have $K_{ur}=K_{2}$ , the second Hilbert class field
of $K$ , i.e., the Hilbert class field of $K_{1}$ . If we take $d_{1}<0$ and put $F=\mathrm{Q}(\sqrt{d_{1}})$ ,
then $K_{ur}=K_{2}=K_{1}F_{1}=KF_{1}$ . Moreover, the Hilbert class field $F_{1}$ of $F$ is given
explicitly as follows:
$F_{1}=\mathrm{Q}(\sqrt{-23}, \alpha_{1}),$ $\alpha_{1}^{3}-\alpha_{1}-1=0$ if $d=-115$ ;
$F_{1}=\mathrm{Q}(\sqrt{-47}, \gamma_{1}),$ $\gamma_{1}^{5}-\gamma_{1}^{3}-2\gamma^{2}1-2\gamma_{1}-1=0$ if $d=-235$ ;
$F_{1}=\mathrm{Q}(\sqrt{-31}, \alpha_{2}),$ $\alpha_{2}^{3}+\alpha_{2}-1=0$ if $d=403$ .
${\rm Res}$ults are unconditional except for $K=\mathrm{Q}(\sqrt{-427})$ .
Corollary. We assume $GRH$. None of the imaginary quadratic number fields with
class number two has any unramified $\mathrm{n}$onsolvable Galois extension.
We tabulate $K,$ $d=d_{1}d_{2},$ $rd_{K},$ $K_{1}$ , $K_{ur}=K_{2}$ , and $G=\mathrm{G}\mathrm{a}1(K_{ur}/K)$ .
21
Table of imaginary quadratic number fields $K=\mathrm{Q}(\sqrt{d}),$ $|d|\leqq 659$ with $K_{ur}\neq K_{1}$
We needed to assume GRH to determine the degree of $K_{ur}$ for fields $K=\mathrm{Q}(\sqrt{d})$
with discriminant $d<-420$ . $l$ denotes the length of the class field tower of $K$ :
$K=K_{0}\subset K_{1}\subset K_{2}\subset\cdots$ ( $K_{i+1}$ is the Hilbert class field of $K_{i}$ ), i.e., $l$ is the
smallest number with $K_{l}=K_{l+1}$ . For all exhibited fields, $K_{ur}=K_{l}$ . $G$ denotes
the Galois group $\mathrm{G}\mathrm{a}1(K_{ur}/K)$ .
$\alpha_{i},\beta_{i}$ and $\gamma_{i}$ are primitive roots of the $i\mathrm{t}\mathrm{h}$ cubic field of signature $(1, 1)$ , the $i\mathrm{t}\mathrm{h}$
quartic field of signature $(2, 1)$ with Galois group isomorphic to $S_{4}$ , and the $i\mathrm{t}\mathrm{h}$
quintic field of signature $(1, 2)$ with Galois group isomorphic to $D_{5}$ , respectively.
22
$C_{n}$ is the cyclic group of order $n,$ $D_{n}$ is the dihedral group of order $2n,$ $Q_{4n}$ is
the generalized quaternion group of order $4n$ , and $SD_{8n}$ is the semi-dihedral group
of order $8n$ :
$D_{n}=\langle a, b|a^{n}=b^{2}=1, b^{-1}ab=a^{-1}\rangle$ ,
$Q_{4n}=\langle a, b|a^{2n}=1, b^{2}=a^{n}, b^{-1}ab=a^{-1}\rangle$,
$SD_{8n}=\langle a, b|a^{4n}=b^{2}=1, b^{-1}ab=a^{2n-1}\rangle$ .
$I_{n}^{2m}$ denotes the group of order $2mn$ given by $\langle a, b|a^{2m}=b^{n}=1, a^{-1}ba=b^{-1}\rangle$ .
$SA_{8n}$ denotes the group of order $8n$ given by $\langle a, b|a^{4n}=b^{2}=1, b^{-1}ab=a^{2n+1}\rangle$ .
$\tilde{A}_{4}$ is the double covering of $A_{4}:\tilde{A}_{4}\cong \mathrm{S}\mathrm{L}(2,3)$ . $\Gamma_{4}32c_{3}$ denotes the group of order
32 given by
$\langle$ $a,$ $b,$ $c|a^{4}=b^{4}=1,$ $c^{2}=a^{2}b^{2},$ $b^{-1}ab=a^{-1},$ $ac=ca,$ $c^{-1}bc=b^{-1})$ .
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